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1. INTRODUCTION
Let B be the unit ball of Cn n ≥ 1 with boundary S, dν the Lebesgue
measure on B normalized so that νB = 1, and σ the normalized rota-
tion invariant measure on S; i.e., σS = 1. The class of all holomorphic
functions with domain B will be denoted by HB.
For p > −1, let
dµpz = cp1− z2p dνz
Here cp is a constant such that νpB = 1. Let
L2dµp =
{
f  B −→ C
∣∣∣∣
∫
B
f z2 dµpz <∞
}


it is a Hilbert space under the inner product deﬁned as
f gp =
∫
B
f zgz dµpz
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for f and g are in L2dµp. The space A2dµp is the subspace of all
holomorphic functions in L2dµp; i.e., A2dµp = L2dµp ∩HB. It is
the well known weighted Bergman space [1]. Let f be in A2dµp; then
f z = f K· zp =
∫
B
f wKw z dµpw (1)
Here
Kw z = 11− w zn+p+1
is the reproducing kernel of A2dµp. The formula (1) is called the repro-
ducing formula.
Let f be in HB with Taylor expansion f z = ∑α≥0 aαzα. For p ∈ R,
f is said to be in the Dirichlet type space p provided that∑
α≥0
n+ αpaα2ωα <∞
Here [2]
ωα =
∫
S
ζα2 dσζ = n− 1!α!n+ α − 1! 
The space n is called the Dirichlet space. The spaces 0 and −1 are just
the Hardy space H2B and the Bergman space A2dµ0, respectively.
Hu and Shi [3–5] gave some characterizations by the integral of the radial
derivative or higher order radial derivative for various regions of p. All
of these results are very useful in the discussion of the pointwise multi-
plier and composition operator on Dirichlet type spaces. In this article, a
BMO-type characterization of Dirichlet type spaces is given, which can be
used to characterize the boundedness of Hankel and small Hankel opera-
tors on these spaces. The case of one-dimensional setting was discussed by
Rochberg and Wu [6] and this type of characterization for Bergman space
and Mo¨bius invariant Besov p-spaces is given in [7, 8].
Throughout this article, we will use the symbol C to denote a positive
constant which may vary at each occurrence and does not depend on any
functions or measures that we deal with. We also use the symbol “≈” to
mean comparable. That is, “M ≈ N” means that there exist two constants
C1 and C2 such that C1M ≤ N ≤ C2M . Our main result is the following
theorem.
Theorem. Let f z = ∑α≥0 aαzα ∈ HB p ≤ n δ τ > −1 and
minδ τ + p > −1; then∫
B
∫
B
f z − f w2
1− w z n+2+δ+τ+p 1− z
2δ1− w2τdνz dνw
≈ ∑
α>0
n+ αpaα2ωα (2)
characterization of dirichlet type spaces 455
The method used here to prove our main result is essentially the same
as the one-dimensional setting, but some special techniques are introduced
in the calculation.
2. SOME LEMMAS
In order to prove the main result, we ﬁrst give some lemmas.
Lemma 1 [4]. Let p ≤ 1 f z =∑α≥0 aαzα; then∫
B
f z21− z21−pdνz ≈ ∑
α>0
n+ αpaα2ωα
Here
f z =
n∑
j=1
zj
∂f z
∂zj
is the radial derivative of f .
Lemma 2. Let α be a given n-tuple index, let γ be an n-tuple index, and
let j be a nonnegative integer; then
∑
γ=j
γ + α!
γ!α!
= α + γ!γ!α!  (3)
Proof. We will prove this result by mathematical induction for n. The
case n = 1 is obvious. Suppose the result is valid for n = k. Let n = k+ 1;
denote γ = γ1 γ′ and α = α1 α′. Here γ′ and α′ are k-tuple indices;
then
∑
γ=j
γ + α!
γ!α!
=
j∑
γ1=0
γ1 + α1!
γ1!α1!
∑
γ′ =j−γ1
γ′ + α′!
γ′!α′!
=
j∑
γ1=0
C
γ1
γ1+α1C
γ−γ1
γ+α−γ1−α1 = C
γ
γ+α
Here Ckm is the number of combinations. It follows that (3) is valid for
n = k+ 1. This completes the proof.
Lemma 3 [6]. Let x y > 0 be given; then
(i) %j + x/%j + y ≈ j + 1x−y Bk x ≈ k−x;
(ii) Bj+ 1+ x y −Bj+ k+ 1+ x y ≈ j+ 1−y − k+ j+ 1−y ,
for all j k ∈ N. Here %· and B· · are gamma and beta functions,
respectively.
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Lemma 4. Let p ≤ n and δ+ p > −1; then∫ ∞
0
tδ+p1+ tp/2−δ−3/2n(1+ tn/2−p/2 − tn/2−p/2) dt <∞ (4)
Proof. The result is valid obviously for p = n. If p < n, we ﬁrst have∫ 1
0
tδ+p1+ tp/2−δ−3/2n(1+ tn/2−p/2 − tn/2−p/2) dt <∞ (5)
since δ+ p > −1.
Notice that
lim
t→∞ t
1+n−ptδ+p1+ tp/2−δ−3/2n(1+ tn/2−p/2 − tn/2−p/2)
= lim
t→∞
(
1+ 1
t
)p/2−δ−3/2n (1+ 1
t
)n/2−p/2 − 1
t−1
= 1
2
n− p

then p < n gives∫ ∞
1
tδ+p1+ tp/2−δ−3/2n
(
1+ tn/2−p/2 − tn/2−p/2
)
dt <∞ (6)
So (5) and (6) imply (4).
The following result can be achieved by direct calculation.
Lemma 5. For all multi-indices α and δ > −1,∫
B
zα21− z2δ dνz = %δ+ 1n!α!
%n+ α + δ+ 1 
3. THE PROOF OF THE THEOREM
Since 1 − z 1 − w ≤ 1 − w z  for z w ∈ B, we can only
prove (2) for δ = τ and p < n.
The proof of the theorem. Let 2β = n+ 2+ 2δ+ p. With integration in
polar coordinates, we have
I =
∫
B
∫
B
f z − f w2
1− w z 2β 1− z
2δ1− w2δ dνzdνw
= 4n2
∫ 1
0
r2n−11− r2δ dr
∫ 1
0
t2n−11− t2δ dt
·
∫
S
∫
S
f rζ − f tη2
1− rt η ζ 2β dσζdση (7)
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By Proposition 1.4.7 of [2],
∫
S
∫
S
f rζ − f tη2
1− rt η ζ 2β dσζdση
= 1
4π2
∫
S
∫
S
∫ 2π
0
∫ 2π
0
∣∣∣∑α>0 aα(r αeiαθζα − t αeiαθ+lηα)∣∣∣2
1− rteil η ζ 2β dθ dl dσζdση
= 1
2π
∞∑
k=1
∫
S
∫
S
∫ 2π
0
∣∣∣∑α=k aα(rkζα − tkeiklηα)∣∣∣2
1− rteil η ζ 2β dl dσζdση
=
∞∑
k=1
∫
S
∫
S
∣∣∣∑α=k aα(rkζα − tkηα)∣∣∣2
1− rt η ζ 2β dσζdση (8)
Take advantage of integration in polar coordinates and (8), we have
I =
∞∑
k=1
∫
B

∫
B
∣∣∣∑α=k aα(ξα −wα)∣∣∣2
1− w ξ 2β 1− w
2δ dνw


×1− ξ2δ dνξ (9)
For every ξ ∈ B, let
gξw =
∑
α=k aαξα −wα
1− w ξβ =
∑
α=k aαξα −
∑
α=k aαwα
1− w ξβ 

then gξ ∈ A2dµδ. By the reproducing property of A2dµδ,
gξw = cδ
∫
B
gξz
1− w zn+1+δ 1− z
2δ dνz
= cδ
∞∑
j=0
%n+ 1+ δ+ j
%n+ 1+ δ%j + 1
∫
B
gξz w zj 1− z2δ dνz
= cδ
∞∑
j=0
∑
γ=j
%n+ 1+ δ+ j
%n+ 1+ δγ! w
γ
∫
B
gξzz¯γ1− z2δ dνz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So
∫
B
∣∣∣∣∣
∑
α=k
aαξα −wα
∣∣∣∣∣
2 1− w2δ
1− w ξ 2β dνw
=
∫
B
∣∣gξw∣∣2 1− w2δdνw
= c2δ
∫
B
∣∣∣∣∣
∞∑
j=0
∑
γ=j
(
%n+ 1+ δ+ j
%n+ 1+ δγ! ·
∫
B
gξzz¯γ1− z2δdνz
)
wγ
∣∣∣∣
2
×1− w2δ dνw
= c2δ
∞∑
j=0
∑
γ=j
∣∣∣∣%n+ 1+ δ+ j%n+ 1+ δγ!
∫
B
gξzz¯γ1− z2δ dνz
∣∣∣∣
2
× %δ+ 1n!γ!
%n+ j + δ+ 1
= C
∞∑
j=0
∑
γ=j
%n+ δ+ j + 1%δ+ 1
%2n+ δ+ 1γ!
×
∣∣∣∫
B
gξzz¯γ1− z2δ dνz
∣∣∣2  (10)
For all multi-indices γ and γ = j,∫
B
gξzz¯γ1− z2δ dνz
=
∫
B
( ∑
α=k
aαξ
α − ∑
α=k
aαz
α
)
·
∞∑
m=0
%m+ β
%β%m+ 1 z ξ
m z¯γ1− z2δ dνz
= C %j + β%δ+ 1
%β%n+ j + δ+ 1
∑
α=k
aαξ
αξ¯γ
− ∑
α=k
χγ − αaαξ¯γ−α
%j − k+ β%δ+ 1γ!
%β%n+ j + δ+ 1γ − α!
= CωγBn+ j δ+ 1
(
%j + β
%βγ!
∑
α=k
aαξ
αξ¯γ
− ∑
α=k
χγ − α%j − k+ β
%βγ − α!aαzξ¯
γ−α
)
 (11)
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Here
χγ − α =
{
1 γ ≥ α
0 otherwise
and γ ≥ α means that γj ≥ αj for j = 1 2     n.
By (9), (10), (11), and Lemma 2,
I≈
∞∑
k=1
∞∑
j=0
∑
γ=j
ω2γB
2n+jδ+1%n+δ+j+1%δ+1
%2n+δ+1γ!
·
∫
B
∣∣∣∣∣%j+β%βγ!
∑
α=k
aαξ
αξ¯γ− ∑
α=k
χγ−α %j−k+β
%βγ−α!aαξ¯
γ−α
∣∣∣∣∣
2
×1−ξ2δdνξ
≈
∞∑
k=1
∞∑
j=0
∑
γ=j
1
%n+j+δ+1
(
%2j+β
%n+k+j+δ+1
∑
α=k
aα2
α+γ!
γ!
−2%j+β%j−k+β
%n+j+δ+1
∑
α=k
χγ−αaα2
γ!
γ−α!
+ %
2j−k+β
%n+j−k+δ+1
∑
α=k
χγ−αaα2
γ!
γ−α!
)
≈
∞∑
k=1
∑
α=k
aα2ωα
∞∑
j=0
%n+k
%n+j+δ+1
(
%2j+β
%n+k+j+δ+1
∑
γ=j
α+γ!
γ!α!
−2%j+β%j−k+β
%n+j+δ+1
∑
γ=j
χγ−α γ!γ−α!α!
+ %
2j−k+β
%n+j−k+δ+1
∑
γ=j
χγ−α γ!γ−α!α!
)
≈
∞∑
k=1
∑
α=k
n+kn−1aα2ωα
·
[ ∞∑
j=0
Bn+jδ+1
(
%2j+βBk+j+1n+δ
%n+j%j+1
− χj−k%j+β%j−k+βBj+1n+δ
%n+j%j−k+1
)
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+
∞∑
j=0
Bn+jδ+1χj−k
(
%2j−k+βBj−k+1n+δ%j+1
%n+j%2j−k+1
−%j+β%j−k+βBj+1n+δ
%n+j%j−k+1
)]
=
∞∑
k=1
∑
α=k
n+kn−1aα2ωαI1+I2 (12)
Next we give the estimations of I1 and I2. For I1,
I1 = lim
m→∞
m∑
j=0
Bn+ j δ+ 1
(
%2j + βBk+ j + 1 n+ δ
%n+ j%j + 1
−χj − k%j + β%j − k+ βBj + 1 n+ δ
%n+ j%j − k+ 1
)
= lim
m→∞
m∑
j=m−k+1
Bn+ j δ+ 1%
2j + βBk+ j + 1 n+ δ
%n+ j%j + 1
+ lim
m→∞
m−k∑
j=0
(
%2j + βBn+ j δ+ 1Bk+ j + 1 n+ δ
%n+ j%j + 1
−%j + k+ β%j + βBn+ j + k δ+ 1Bk+ j + 1 n+ δ
%n+ k+ j%j + 1
)
= I11 + I12 (13)
Since
I11 ≈ lim
m→∞
m∑
j=m−k+1
j−1−δj−n−δj2β−1−n = lim
m→∞
m∑
j=m−k+1
jp−n
so
I11 = 0 (14)
when p < n. By Lemmas 3 and 4, we have
I12= lim
m→∞
m−k∑
j=0
%j+βBk+j+1n+δ%δ+1
% n2− p2 %j+1
·
(
B
(
j+β n
2
−p
2
)
−B
(
k+j+β n
2
−p
2
))
≈ lim
m→∞
m−k∑
j=0
j+1β−1k+j+1−n−δ
(
j+1p/2−n/2−j+k+1p/2−n/2
)
≈
∫ ∞
0
xβ−1k+x−n−δ
(
xp/2−n/2−k+xp/2−n/2
)
dx
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≈n+k1−n+p
∫ ∞
0
tδ+p1+tp/2−δ−3/2n
(
1+tn/2−p/2−tn/2−p/2
)
dt
≈n+k1−n+p (15)
Then (14) together with (15) gives
I1 ≈ n+ k1−n+p (16)
Similarly, we have
I2 ≈ n+ k1−n+p (17)
Now it follows from (12), (16), and (17) that
I ≈ ∑
α>0
n+ αpaα2ωα (18)
This completes the proof.
Using Lemma 1, we get the following result.
Corollary. Let f ∈ HB p ≤ 1 δ τ > −1, and minδ τ + p >
−1; then∫
B
∫
B
f z − f w2
1− w z n+2+δ+τ+p 1− z
2δ1− w2τdνz dνw
≈
∫
B
f z21− z21−p dνz (19)
This result can be regarded as the generalization of the coresponding
result of the one-dimensional setting.
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